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Non-Smooth Sustainable Development
With Overshooting

Hassan Benchekroun”, Seiichi Katayama', Ngo Van Long?

Résumé / Abstract

Nous démontrons que, dans un modele avec la substitution entre le capital et les ressources
naturelles, le sentier du développement peut étre non-monotone. Si I’on commence avec un
niveau faible de capital et de ressources naturelles, le sentier optimal peut dépasse le niveau
du capital de I’état stationnaire. La convergence s’effectue en temps fini.

Mots clés : développement soutenable, ressources naturelles renouvelables

We show that, in a model with substitutability between capital and resources, the path of
sustainable development may be non-smooth, and may exhibit the overshooting property:
starting from low levels of capital and resources, the economy may accumulate capital
beyond its steady-state level, before converging to it in finite time.
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1 Introduction

Since man-made capital and natural resources are substitutable inputs in
the aggregate production function, a natural question that arises is how to
optimally accumulate capital and manage the resource stock. The case where
the natural resource stock is non-renewable has been studied by Solow under
the the maximin criterion, and Dasgupta and Heal (1979) and Pezzy and
Withagen (1998) under the utilitarian criterion. Solow assumed a Cobb-
Douglas production function, and showed that if the share of capital is greater
than the share of natural resource, then a constant path of consumption
is feasible, and along such a path, the man-made capital stock increases
without bound. Dasgupta and Heal (1979) and Pezzy and Withagen (1998)
showed that, under the utilitarian criterion, the man-made capital stock will
reach a peak, and afterwards both stocks fall to zero asymptotically. Long
and Katayama (2002) obtain similar results in a differential game model of
common proprty resources and private capital accumulation.

In this paper, we study the optimal path for an economy that produces an
output using a stock of capital and a resource input extracted from a stock of
renewable natural resource. We retain the Solow-Dasgupta-Heal assumption
that capital and resource are substitutable inputs in the production of the
final good, but our model differs from theirs because the resource stock is
renewable. We wish to find the optimal growth path of the economy under
the utilitarian criterion. We show that there exists a unique steady state with
positive consumption. We ask the following questions: (i) Can it be optimal
to get to the steady state in finite time under the assumption that the utility
function is strictly concave? (ii) Can finite-time approach paths to the steady
state be smooth, in the sense that there are no jumps in the control variables?
(ili) Are there non-smooth paths to the steady state?

The answers to the above questions are as follows.



There exists a set of initial conditions (which forms a one-dimensional
manifold, i.e., a curve, in the state space) such that the approach path to the
steady state takes a finite time, and is smooth. If the economy starts with
a low resource stock, the path along the manifold toward the steady state
involves gradual accumulation of the resource stock, and gradual running
down of the capital stock toward its steady state level.

If the initial conditions are not on that one-dimensional manifold, then it
may be optimal to get to some point on that manifold first, and then move
along the manifold to get to the steady state.The path that gets to a point
on the manifold is not smooth at the time it meets the manifold.

We show that starting from low levels of capital stock and resource stock,
the optimal policy consists of three phases. In phase I, the planner builds
up the stock of man-made capital above its steady state level, while the
resource stock is kept below its steady state level. In phase II, the capital
stock declines steadily, while the resource stock continues to grow, until the
steady state is reached. In phase III, the economy stays at the steady state.
Thus, our model exhibits the “overshooting” property.

Before proceeding, we would like to note that there are a number of ar-
ticles that are somewhat related to our paper, where the authors discussed
thr optimal use patterns for renewable resources and the sustainability of
economies. Clark et al.(1979) provided a general formulation with irreversible
investment.They focussed on irreversibility, and did not obtain an “over-
shooting” result. Among the relatively recent papers, Beltratti et al.(1998)
addressed the problem of optimal use of renewable resources under a variety
of assumptions about the objective of that economy (with the different types
of the utility function.) They constructed a model in which a man-made
capital stock and a renewable resource are used for production, and give a
very general characterization of the paths which are optimal in various senses.

Their basic model is similar to ours, however they focused on different issues.



We are not aware of any paper which examines the precise characteristics of
steady state and of the approach paths to the steady state in a model with

man-made capital and renewable resource.

2 The Model

We consider a continuous-time model. Let K and S denote the stock of man-
made capital, and the stock of a renewable natural resource. Let R denote

the resource input. The output of the final good is
Y =F(K,R)=VKR

Output can be consumed, or invested. Let C' denote consumption and [

denote investment. Then
C=FKR)—-1 (1)
Assume there is no depreciation of capital. Then
K=1I (2)

Let 0(S) be the natural growth function of the resource stock. We assume

it has the shape of a tent. Specifically, we assume that there exists a stock
level S > 0 such that 0(S) = wS if S < S, and 6(S) = wS — 6(S — 5) for
S>3 , where w > 0, 6 > 0. The net rate of growth of the resource stock is

S=0(S)—R (3)

Remark 1: The function 6(S) has a kink at S, so the derivative ¢'(S )
is not defined at S. At that point, we define the generalised gradient of
(), denoted by 00, as the real interval [—¢, w|, where —¢ is the right-hand

derivative, and w is the left-hand derivative. When applying optimal control
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theory, we must modify the equation for the shadow price of S when S is at

~

S. (This will be discussed in detail later.)
The consumption C' yields the utility
Uc)=+vC

The objective of the planner is to maximize the integral of the discounted

stream of utility:

max/ VCe Ptdt
0

where we assume

O<p<uw

This assumption ensures that the optimal solution involves building the
resource stock to the level S.

The maximization is subject to
K=VKR-C (4)

S=0(S)—R (5)
with boundary conditions K (0) = Ky > 0, S(0) = Sy > 0, and

lim K (t) > 0, lim S(t) >0

t—o00

The set of positive stock levels is partitioned into two regions. Region I
is the set of points (S, K) such that 0 < S < S, and K > 0. Region II is the
set of points (S, K) such that S > §, and K > 0.

We will show that there is no steady state in region I, and there is a
unique steady state in region II. After that, we will show that in region I,
there exists a unique one-dimensional manifold along which a smooth path
converges to the steady state in region II. This manifold is downward sloping

in the space (S, K), so that along the smooth convergent path, the capital
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stock falls and the resource stock rises. We then turn to region II and show
that in that region, there exists also a unique one-dimensional manifold along
which a smooth path converges to the steady state. We show that along this
path, the capital stock rises and the resource stock falls.

From the above results, we infer that if the initial pair of stock levels
(So, Ko) does not belong to either of the two manifolds, the optimal path
from such an initial point, if it converges to the steady state, must either
involve a jump in some control variables, or an “overshooting” along the
path.

3 Necessary conditions and steady state

3.1 Necessary conditions in Region 1
We define the current value Hamiltonian
H=+C +1, [\/KR - C] + 40, [0(S) — R

where 1), is the shadow price of man-made capital and v, is the shadow price
of the renewable resource.

The necessary conditions are

0H 1
%:m—%zo (6)
oOH 1 K
ﬁzi%\/%—%zo (7)
i = o= 3/ )
12}2 =1y (p —w) (9)

Notice that 1, > 0 by (6). It follows that v, > 0 by (7). So, in region I,

1, (the shadow price of the resource stock) is always falling because p < w.
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Thus we obtain the following result:
Result 1: There is no steady state in Region 1.
Discussion:
Here we make some remarks about the economic meaning of the necessary
conditions.
From equations (7), (8) and (9) we get
_ Yyt L d(FR)

(p—W)—(p—Ff<)—¢—2 o " Tt

Hence
1 d(Fg)

Fr dt
We may call equation (10a) the Modified Hotelling Rule: the rate of

capital gain (rate of increase in the price of the extracted resource) plus the

FK = w (10&)

biological growth rate must be equated to the rate of interest on the capital
good, Fk.
From (6) and (8), we get
C
S 11
°C K—p (11)

which is the Ramsey-Fuler Rule: the proportional rate of consumption growth,
multiplied by the elasticity of marginal utility, must be equated to the dif-
ference between the rate of interest Fx and the utility-discount rate, p.

It is convenient to define a new variable x :

K(t)

x(t) = m

This variable is the capital/resource-input ratio, and is a measure of the

capital intensity of the production process at time t.

z(t) = Fﬁit)) ] 2 (12)

7

Using (7) we get




From this equation, we get
Result 2: x(¢) jumps at some time ¢; only if either ¢, or 1, jumps at ;.
Discussion: 1, is continuous in Region I, but when S(t) reaches S
(which is in Region II) the kink in the growth function #(S) may cause 1,

to jump.

3.2 The necessary conditions in Region II

The necessary conditions for Region II are a bit more complicated, because at
the point S the function () is not differentiable. Thus we must deal with
a “non-smooth” problem. For a general treatment of non-smooth optimal
control problem see Clarke and Winter (1983), or Clarke (1983); here we
follow the exposition in Docker et al (2000, pages 74-79).

Since 0(S) has a kink at S , with left-hand derivative equal to w > 0
and right-hand derivative equal —J, the generalized gradient of (.) at S is
defined as

90(S) = [—0, w]

The necessary conditions are

oH
== (13)

—:—wl\f Gy =0=0 (14)

K=vVKR-C (15)

S=wS—06(S—-8)—RifS>5 (16)
. 1 [R
Yy =(p— 5 g) (17)

and, from Docker et al. (2000, pages 74-79),

—(ty — piby) € [~0tg,wipy) if S =5 (18)



—(thy — prby) = =00y if S > S (19)
Result 3 : There exists a unique steady state in Region II. The steady

state resource stock is

S..=3S

and the steady state capital stock is

IRV
Kss = Kss =wS [g:|

Proof:
Let us find the corresponding steady state values of other variables. From
(16), at the steady state,
Rss = wS. (20)

Thus
]
K =wS [—] (22)
p
K. o]0
ss — & — | ¢ 23
TR, M (23)
Using (15), at the steady state
o o7a/i-a)
Oy = wS H (24)

Thus, from (13) and (24)

VYo = <W§> B {%



and, from (14)

voa=(5) 1= |5

a(1=7)/(1-a)
g

which is consistent with (18) because p € [—§,w].

4 Dynamics in Region I

Since the steady state in region II is at the the boundary between the two

regions, we are particularly interested in paths in Region I that converges to
the steady state in region II, i.e. (S(t), K(t)) — (Sss, Kss) in finite or infinite

time. An important subclass of such convergent paths is called the paths of

smooth convergent paths, by which we mean the control variables C(t) and

R(t) do not jump (and hence z(t) does not jump).

4.1 The time path of capital/resource-input ratio in

Region 1

Lemma 1: In region I, the time path of the capital/resource-input ratio,

x(t), satisfies the differential equation:

1 . 1d

—_ = —w
2 2x

It follows that:

(1) if = is optimally chosen, then

- (g)ee )

(2) if at some time 7', the variable z takes the value zr, then

v (f) = ((wzz— - %) elt=T) %)2

10

lg(t; a2, T))”

(25)



Proof: See Appendix Al.
Remark 2: If we impose the condition that at some time 7" the variable

x(T) takes the following value (which is its steady state value in region 1)

1

%)2 = T (27)

SL’T:(

then we can say something more definite about x(t). See Lemma 2 below.
Lemma 2: If x(t) — zr = x4, then over the time interval [0,7] the
capital /resource-input ratio x(t) decreases steadily.
Proof: From (26)

1
(0) = 20(6 7. TV 607, 7) = =20 (VBT = 5 ) e Pg(tian,T) < 0

because
oLl
Tp = — > —
727 w

Remark 3: It can be shown (see Appendix A2) that if x7 = x4 then

) _ o, !
TG

.

x(t)

4.2 The time path of v,

Lemma 3: In region I, the time path of v, is

] Yer
Y1 (t) = Y1 ((\/E _ i) e—p(t=T) ie—(P—w)(t—T))

Proof: See Appendix A3.

Lemma 4: if z(t) — x7 = x4 then over the time interval [0,7] ,the

shadow price of capital, v, (t), increases steadily.
Proof: See Appendix A4.
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4.3 The time path of consumption in Region I

Lemma 5: In region I, the time path of consumption is

_ LY pmwt-T) 4 1)
C(t) = Cr (Vor —55) e +55) e~ 2p-)(t=T) _ (1, {ﬁ(t)] o~ 20p)(t=T)

IT xTr

If 2(t) — xp = x4 over the time interval [0,7] , then consumption
decreases steadily.
Proof: See Appendix A5.

4.4 The time path of extraction in Region I

Lemma 6: In region I, the time path of extraction is

1\ C
R(t) = (—) —L exp (2wt — 2wT — 2pt + 2pT) + ¢*'E
2p) wr

1
RT = (—) & + €2wTE
2p ) xp

Thus, if (i) z(t) — 2r = xs, (ii) C(t) — Cr = Css and (iii) R(t) —
Rr = R, then ' = 0, and extraction will be rising steadily:

where F satisfies

R(t) =2 (w— p)wSe?@==-T) 5 ¢

Proof: See Appendix 6.

4.5 The path of capital in region I

We now turn to the capital, we have

Lemma 7: Along the optimal path in Region I

K
?:I_%—2p

12



Along a smooth convergent path (i.e. x(t) — xp = x) the capital stock
K(t) falls steadily.

Proof: See Appendix A7.

Lemma 8: Along a smooth convergent path in Region I, there is a

positive relationship between the time 7" and the initial stock K. It is given

2
Ko = K (0) = wSe 27T ((i — i) e“T + i) (28)

2p 2w 2w
with
— >0 (29)

Proof: See Appendix AS8.

4.6 The path of the resource stock in Region I

In Region I, the resource stock follows the law of motion
S=wS—R

Thus we get
Lemma 9: Along a smooth convergent path in Region I (with R(t) —
Rr = R,, = wg) , there is a negative relationship between the time 7" and

the initial resource stock Sy.

N —(w=20)T _ 1
So = e T3 (w G )+ 1) (30)

with
dSo

Proof: See Appendix 9.
PROPOSITION 1: In Region I, the set of initial stock pairs (.S, K') from

which the optimal path is a smooth convergent path is the one dimensional

13



manifold defined by the two equations (28) and (30). This manifold has a
negative slope in the space (5, K).
Proof: Use (29) and (31):

dK,

— <0
dSy

5 Dynamics in Region 11

5.1 The time path of capital/resource-input ratio in
Region II:

Lemma 1b: In region II, the time path of the capital/resource-input ratio,

x(t), satisfies the differential equation:

1 1 1z
et e 9
Qx 2+2$ 0 (32)

It follows that:
(1) if 2 is optimally chosen, then

x(t)zx(t):<(\/x—0+2_16)e&_2%)2

(2) if at some time T, the variable x takes the value 7, then

x(t) = ((\/I_T—f— 2—15> t=T) 2—15>2 = [f(t;xp, T)]

Proof: See Appendix 10
Lemma 2: In Region II, over the time interval [0, 7| the capital /resource-

input ratio x(t) increases steadily.
Proof: from (32)

N —
N —

= ‘&
EIE

Il

>,

)

[



so & must be positive.
Remark 3b: We retrieve the results of Region I if we substitute § by

—Ww
5.2 The path of ¢); in region II

Lemma 3b: In region I, the time path of v, is

Y, (T) e(6+p)(t=T)
(L+5) e —5)

Py (t) =
Proof: See Appendix 11.

5.3 The time path of consumption in Region 11

Lemma 5b: In region II, the time path of consumption is

2
o) = Cy (((M:UT + %) edt=T) _ %) oG t=T) | _ Cr @ o~ 2(p+0)(t=T)
Nezs

xT
If 2(t) — xp = x4 over the time interval [0,7] , then consumption
decreases steadily.
Proof: See Appendix 12.

5.4 The path of extraction in region 11

Lemma 6b: In region I, the time path of extraction satisfies the differential

equation
Cre=20+p)(t=T)

R=—20R —

T
Thus, if (i) z(t) — 2r = xg, (ii) C(t) — Cr = Css and (iii) R(t) —
Rr = R
R(t) = wSe 20+ (t=T)

15



Proof: See Appendix 13

5.5 The path of capital in region II

We now turn to the capital, we have

Lemma 7b: Along the optimal path in Region II

K s
E:aj7§—2p

Along a smooth convergent path (i.e. x(t) — xp = x) the capital stock
K(t) falls steadily.

Proof: See Appendix 14.

Lemma 8b: Along a smooth convergent path in Region II, there is a
positive relationship between the time 7" and the initial stock K. It is given

by
1

Ko =K (0) = wS ((<@ L 2_15> ST 2_5> e(a+p)T)2

Proof: See Appendix 15.

5.6 The path of the resource stock in Region 11

In region IT we have
S=wS—-0(S—8)—R
Substituting R gives
S =wS -85 —8) — wSe 20tAET)
S+ 65 =wS + 68 — wSe 2+A)(E=T)

S48 =5 (w+ 8 — we 20+A-T))

16



Note that
S(T)+ 68 =65
and thus
S(T)=0

We now solve for the path of the resource stock

S = A(w+0—we 20D _ 59
S(T) = A

The exact solution is:

A
S(t) = wE+A—w B

d+p
e=9T5 (6 4 2p)

exp (=20t + 20T — 2pt + 2pT)—2e WA

~

S 4 S _ _su_my & O0+p
S(H)=w2 4§ _ P 206+ (t=T) _ 9—6(t-T),,g_ TP
() =w5 + S +wsre T

we check that S (T') = w% + 9+ w% — 2‘”3\5(215,0) -3

Moreover

con af 2004+0) a1 _si—ry_ O tp
S(t)—wS( 5+2pe + 2de 50T 20)

: s )
S(t) = 2w526—5<t—T>(5j—2p) (—e @20 1) <0
P

There exists a smooth path reaching S at T if Sp satisfies

~ ~

S 5 2(5+p)T o7 o 0+p
prmm— pr— _— —2 —
So = 5(0) w5+S+w5+2pe e wSé((S—i—Qp)
dSo 2(5+ﬂ)§ 2(5+p)T o7 o 0+p
- —9
ar T o12p ¢ S )
d—SO = 266TUJ§—5 i p) (6(6+2P)T - 1) >0

ar (0+2p

17



In Region II we also have
dSo

d_T>O

and
dK

ﬁ<0

SO
dK,

— <0
dSy

In Both region I and region II we have

dKy

d_SO<O

This implies either overshooting or jump in the control paths.

6 Concluding Remarks

We have been able to show that the path to a steady state may exhibit
the overshooting property. The economy accumulate capital to some level
much higher than its steady-state level, before running it down. This is
because when the renewable resource is still at a low level, more output can
be generated by accumulating capital, while using the resource sparingly.
When a sufficient large level of resource has been achieved, it becomes more
efficient to use more resource, and less capital, in the production process.
Our model displays two additional features: it takes a finite time to get to
the steady state, and the paths to the steady state is generally non-smooth,
unless the economy happens to have a combination of stock levels that lies

on the smooth one-dimensional manifold.

Acknowledgments: We thank Richard Hartl, Kim Long, and Akio Mat-
sumoto for comments, and SSHRC and FQRSC for financial support.
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APPENDIX 1:

Proof of Lemma 1

Step 1:

We first show that z satisfies the following differential equation This is

shown from the necessary conditions (?7), (6) and (8),

OH 1
- m —¢; =0 (33)
Ly (34)
e
—%lnC’zlngZJlJran (35)
C
20 4, (36)
but )
(08 1 1
2, s 37
o P73 (37)
so we have

Oy
20 v, 2
We get the relationship between 1, and z

z72 (38)

oH 1 K
o8 ¥\ g/ ¥=0 (39)
or .
5%\/5—%20 (40)
—ln2+lnw1+%lnx—¢2:0 (41)
so that ) ]
Yo 13
—= = =4 —= 42
Yy Wy 2z 42)
and . L
_1 x
(P—W):P—§$ t37 (43)



or

1 1+ 1z
= ——p 24 22 44
W=t T ey (44)
This ends Step 1.
Step 2: Solving for z () :
We have .
R
= ——p 342 4
w 5% 5% (45)
multiplying each side by /x gives
1 1z 1
I = _x2 46
515 NG wx (46)
let y =z .
5ty =—wy (47)

the solution can be written in two forms:

1 1
t) = —— et 4+ —
y (t) <y0 2>e + o

or X
1

t — o 7w(t7T) _
y () <yT 2w> ‘ * 2w

where yo = y (0) or yr = y (T') and therefore we have

o) = (V- L) esomy LY (43)
2w 2w
APPENDIX 2:

If 27 = x4, then

N — 9y (\/E B i) e~ (t=T)
x (1) (Vor — &) et 1 1)

_ o1 1/2w
HO (1 ((wv_—i)e—w“—mi))

20



N P 1/2w
0 G KWE—inW”+$»

i) 1/2w

So since <ﬂ—1> > 0 then ¥ <0 .
2 z(t)

APPENDIX 3: Proof of Lemma 3.
We can solve for ¢, from (12)

1
Z—z:%+§§ (49)
with
12}2 =1y (p—w) (50)
SO
Yo, 12
(' 2z

integrating gives

o o [
) ~ e D) = o
> VI (p-w)(t-T)
77Z)1() ¢1T\/m
_ VT (o) (t=T)
WO e T D e )
by (8) = yior

P (= &) D & Le D)

21



APPENDIX 4: Proof of Lemma 3
The denominator is D (t) = (y/Zr — 55) e 777 + L= (0m@)=1) g such
that

1 1
DI (t) = —p (\/(If_ — %) eip(tiT) — (p — w) %ef(pfw)(t*T)

1 1 1
D)= —p| — — — ) ePt-T) _(,_ ) —e (pw)t=T)
(t) P (QP Qw) € (p—w) 5
w P

since p < w. So
Wy (1) >0
APPENDIX 5: Proof of Lemma 5

1
- =0
2\/5 %
or
1
— =C
29,
or )
1
— ) =C
(20)
that is
1




_ ) pw(t-T) 4 12

VT e -+ t

C (t) =Cr (( 2w)x 2w) e 20—w)(t=T) _ r {JC( )} e 2(p=w)(t=T)
T

The evolution of the consumption path is given by

C_ i
C ¥y
If x(t) — xr = x4 over the time interval [0, 7] the C falls steadily because
1 rises steadily.
APPENDIX 6

From the definition of x = K/R, we have
K = Rz + Ri

and

K=VKR—-C=Ryz—-C

SO
Rz + Ri = Rz —C (51)

Re=R(Ja—13)-C (52)

R:R(i—z)—% (53)

or

using (25) yields

1 1+ 1z
W=yt i
SO
R =2wR — — (54)
x
where

(i 2
C(t) = Cr (Vor —55) € =1 + %) o—2(p—w)(t=T)



and

o= (Va5 ) e+ %)

SO
: Op T m)e ™0 55) a(pwp-)
R =2wR - - —— (55)
((vEr —55) et=0 + 55)
Hence
. —2(p—w)(t-T)
= 2w~ &1° . (56)
T
The solution is
1 CT 2wt
R(t) = S1rp exp (2wt — 2wWT — 2pt + 2pT) + e*'E
and c
RT = T + €2WTE
I'T2p
with )
T — Kss o i
T R,s |2p
~[1
Now
Ry =wS (58)
SO c
E= (RT— - )62“T:O
TT2p
and
R(t) = wSe2@ =T (59)

R(t) =2 (w— p)wSe@=-T) 5 ¢

APPENDIX 7: Proof of Lemma 7

K=zR

24



K j:+R x+2( )
- = = - — — w —
K z R = P
K
?:—2w+x7%—|—2(w—p)
K
E—x_5—2p
_1
since & < 0 we have %2~ >0With(x(T))_%:2andthereforex_§—2p<0

for all £ < T and thus .
K !
= r 2 —=2p<0
APPENDIX 8: Proof of Lemma 8
Substituting for x and R gives

2
K — 2R = w3e2@—n(t=1) (( o %) elt=T) | i)
w

at time ¢ = 0 we have




(T = %(w —p)e’ (1—e*") >0

So
% w820 (T) f(T) > 0

APPENDIX 9: Proof of Lemma 9.
Substituting R to get

S = wS — wSeAw—AE-T)

The exact solution is:

S(t) = § [ —Y_2n)t-T) L ggue-n)_—WEP
—w—+2p (—w+2p)

s (t> B § |:2 (w . /0) e—w(T—t) . we—Q(w—p)(T—t):|
(2(w—p)—w)
g (t) = g w2 (w — p) 2= (t=T) 4 o cw(t=T) —wHp
—w+ 2p (—w+2p)
. ~ 1 1
) = 2% (w—p) et DG [ pw-200-T) _ =
St)=2w(w-—p)e S —w+2p€ (—w+2p)

S (t) = 2CU (w _ p) ew(t_T):g\ (Q(W—2p)(t—T) _ 1) N O
(—w +2p)

The initial stock must be

_ _q w —2(w—p)T 92¢—«T —wtp
Sp—=S(0) =28 (T s e




So we have

~ 1 — ¢~ (@=20)T
a5 _ 2 (w— p)wSe ™" (e—) <0

dr —w+2p
and I
0
a7 >0
and therefore in Region I:
dKy <0
dSy
APPENDIX 10. Proof of Lemma 1b.
Step 1:
We first show that x satisfies the following differential equation
1 1+ 1z
EE R Pl

This is shown from the necessary conditions (?7), (6) and (8),
oH 1
oCc  2/C

1 p—
2V/C
—%lnC’ =1In®y; +1n2
O
20 ",
but we know from the necessary conditions
Y
Ly
(o

- =0

(3

_1
2

1
-
2

so we have ) )
et L
20 v, 2

_1
€T 2

27

(60)

(61)

(62)
(63)

(64)

(65)

(66)



The relationship between v, and x is from

oH 1 K
or 2RV
or
1
SUVE = 1 =0
1
so that ) . )
Yo _th 12
Yy Yy 2z
and from the necessary conditions we have
¢2 = P,(6 + p)
so we have
0+ ! T2 4 L7
= —_ —:L‘ [
P=r=3 27
or
1 1+ 1z
(5 = —533 + 55
This ends Step 1
Step 2: Solving for x () :
We have
5 1 - 1z
= ——X _—
2 2x

multiplying each side by /x gives

let y = x

(74)

(75)

(76)



the solution can be written in two forms:

L
y(0 = (+ 35) " - 5

1 o—T) i
y(t) = (yT + 25> 2

where 3o = y (0) or yr = y (T') and therefore we have

r(t) = ((wx—T T 2—15) S-T) %)2

0= ((va+m) - %)
= 05 )¢ 20
This ends Step 2.

APPENDIX 11: Proof of Lemma 3b
We have

or

or

Yy _ %y
vy U

(5+p—ﬁ+——

(a3

%)

0+p=

2 (VT +35) -0 = 35)°

o 0 (Vor + ) e’ "
T R A )

di | 120 (VT +55) 0D (VT + 35) X0 -

1

%)

28

Orp =T =y ) o
LG+ E=T) _ vy () (Var +55) 0 — )
Y, (T) VT

\/Ew ( ) (64p)(t—T)
(ar+ Feen—g) ~ "0

29

T) —1In Uy (t) St ln ((\/E+ 2%5) edt=T) _



2%)@01 (T) e(6+0)(t=T)

(B+%) -4

Wby (T) e0+)E=T)

=1 (1) (83)
)

(1 +2)ed—1) —2) ~ 1 (1) (84)
APPENDIX 12
From 1
N (85)
we have
1\2
C=|—
()
o (ot 5) 0 — ) 2
2/, (T)e (6+p)(t=T)

2
C=Cr <((\/E + %) et - 2_15) 6_(5+p)(t—T))

Nz
ool

5)°

((1+ )e ot —(6+p)(t— T))
(0
(1

3(t=T) ) —(§+p)(t— T))

O =0y (_p (1 i g) (54 ) —(6+p)(t- T>> ((1 n g) p—P(t=T) _ gefmp)(w))

C=pCr (- (1+ g) 4 ) 00 (14 g) o(t=T) _ ge—(m)(t—n)

C=p (1 I g) Cr (—e#t=T) 4 ¢~ 0+00-T)) ((1 I g) ePt=T) _ gef(m)(w))
Ozp(1+§>e CDCp (—1 47 T>)<1+p(1 g0 T>)>

C <0
since
L2 ) g

APPENDIX 13
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We have

but now

SO

R:—25R—%<0

2
mrp L )ed(t=T) _ 1
Cy (((\/ T zg)xT 25)6—(6+p)(t—T))

R = —-20R —

(VT +35) -0 = 35)°

. 284 p)(t-T)
B— _asp_ Cr¢

Xr

K, [17°
a(t) - ap = 57— = 5

with

Ct) — Cp = wS l%]

. w§6_2(5+p)(t_T)

R = —-20R —
3]

R (t) = wSexp (=26t + 26T — 2pt + 2pT) + ¢ 2D,

R(T)=wS+e "D =ws
D =

SO

APPENDIX 14



SO

0+ —ax72 =—4—=—
+2x 55 (95)
K 4 R
—=—4+—=—==—-2(0
%==37TF (6 + p)
K 1 )
K P
Since£'>0then%<i><050 L_ > L _—2pforallt < T and
T NG /z(t) \/x(T)
therefore '
K>0
7 )

APPENDIX 15

Moreover substituting x and R yields
K (t) =z (t) R (1)

= RPN s —2(6+p)(t=T)
K (t) = <<\/_xT+ 25) e % wSe

there exist a smooth path reaching K, at T is K, satisfies
Ko=K(0) =wS \/x_—l—i 6—5T_i e(0+p)T i
’ T2 2
Let g(T) = ((V@r + %) e — &) T

1 1
[ = [ ./ T+ — Pl (6+p)T
I ( ) ( o 25) ¢ 2(56

1 1 1
g (T) p(2p+25>e (04 p) 5ze

g(T) = 2—156”T (p (% + 1> —(5+p) €6T>

QI(T)ZZ%epT(%Lp) (1-¢") <0
Ko &
d_T‘J:w g(T) g (T) <0
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